Among the various schemes being considered for structural health monitoring (SHM), guided wave (GW) testing in particular has shown great promise. While GW testing using hand-held transducers for non-destructive evaluation (NDE) is a well established technology, GW testing for SHM using surface-bonded/embedded piezoelectric wafer transducers (piezos) is relatively in its formative years. Little effort has been made towards a precise characterization of GW excitation using piezos and often the various parameters involved are chosen without mathematical foundation. In this work, a formulation for modeling the transient GW field excited using arbitrary shaped surface-bonded piezos in isotropic plates based on the 3D linear elasticity equations is presented. This is then used for the specific cases of rectangular and ring-shaped actuators, which are most commonly used in GW SHM. Equations for the output voltage response of surface-bonded piezo-sensors in GW fields are derived and optimization of the actuator/sensor dimensions is done based on these. Finally, numerical and experimental results establishing the validity of these models are discussed.
Introduction
The importance of damage prognosis systems in civil, mechanical and aerospace structures has gained growing awareness of late. Such a system would apprise the structural user of the structure's condition, monitor its health by scanning for damage, and provide intelligent estimates regarding the remaining useful life of the structure. The usefulness of such systems would be enormous, and they have tremendous potential to provide huge labor and monetary savings and most importantly will improve confidence and safety levels in operating structures. The gamut of structures that can potentially benefit from the development of such technologies extends from ground vehicles, ships and aerospace structures to bridges, pipelines and offshore platforms. Structural health monitoring (SHM) is a critical component of damage prognosis 1 Author to whom any correspondence should be addressed.
systems. SHM is the part of the prognosis system that examines the structure for damage and provides information about the same. An SHM system usually consists of an onboard network of sensors for data acquisition and some central processor using a tested algorithm to diagnose structural health.
Among various ideas being explored for SHM, guided wave (GW) testing has shown great potential. The terms 'guided wave' and 'Lamb wave' are often used interchangeably in the literature; however, strictly speaking, Lamb waves refer to just one class of GWs that can be excited in a flat, infinite isotropic plate. The former term is universal and is not confined to any particular class of waves in a particular structural waveguide. GW methods have been used for over two decades in the non-destructive evaluation (NDE) industry. However, the ultrasonic transducers used there are not compact enough to be mounted permanently onboard the structure. In recent years, several researchers have used piezoelectric wafer transducers (hereafter referred to as 'piezos') for GW based SHM with encouraging results [1] [2] [3] [4] [5] [6] .
GW theory is complicated due to the dispersive nature of these waves and the fact that at least two modes can propagate at any frequency. Therefore, a good understanding of GW theory and a grass-roots level characterization of the nature of GWs generated and detected by surface-bonded/embedded piezos is very desirable. The theory of free GW propagation in isotropic, anisotropic and layered materials for various geometries as well as excitation using conventional NDE ultrasonic transducers is well documented [7] . The free GW modes in isotropic plates and shells were first studied by Lamb [8] and Gazis [9] respectively using the theory of elasticity. Earlier works on modeling excitation of GW fields using the theory of elasticity have mostly used 2D models, wherein a 'plane-strain'-like assumption was built into the models. The book by Viktorov [10] on 2D models based on the theory of elasticity for Lamb wave excitation in isotropic plates by NDE transducers was a pioneering work in this direction. The residue theorem was used in that work to invert the 1D Fourier transform integrals. A heuristic model was also proposed for extending the 2D model to the case of 3D excitation by NDE transducers. Ditri and Rose [11] used plane strain models along with the normal mode expansion technique to describe GW excitation in composites by NDE transducers. Santosa and Pao [12] solved the generic 3D problem of GW excitation in an isotropic plate by an impulse point body force, also using the normal mode expansion technique. Wilcox [13] presented a 3D elasticity model describing the harmonic GW field by generic surface point sources in isotropic plates; however, the model was not rigorously developed, and some intuitive reasoning was used to extend 2D model results to 3D. It should be noted that none of these works addressed rigorous modeling of finite-dimensional actuators using 3D elasticity.
Relatively less work has been done for GW testing using structurally integrated piezos for SHM, and little or no theoretical basis is provided by researchers for their choice of the various testing parameters involved such as transducer geometry, dimensions, location and materials, excitation frequency and bandwidth among others. There have been a few efforts towards modeling of GW excitation and sensing using surface-bonded piezos. Moulin et al [14] used a coupled finite-element-normal mode expansion method to determine the amplitudes of the GW modes excited in a composite plate with surface-bonded/embedded piezos. The finite-element method was used in the area of the plate near the piezo, enabling the computation of the mechanical excitation field caused by the transducer, which was then introduced as a forcing function into the normal mode equations. This was also a 2D 'plane strain' analysis. Lin and Yuan [15] modeled the diagnostic transient waves in an infinite isotropic plate generated by a pair of surface-bonded circular actuators on either free surface at the same surface location excited out of phase with respect to each other. Mindlin plate theory incorporating transverse shear and rotary inertia effects was used and the actuators were modeled as causing bending moments along their edge. A simplified equation to describe the sensor response of a surface-bonded piezo-sensor was derived and some experimental verification for the model was provided. Rose and Wang [16] studied theoretical source solutions in isotropic plates, again using Mindlin plate theory, deriving expressions for the response to a point moment, point vertical force and various doublet combinations. These solutions were used to generate equations describing the displacement field patterns for circular and narrow rectangular piezo actuators, which were modeled as causing bending moments and moment doublets respectively along their edges. Veidt et al [17] used a hybrid theoretical-experimental approach for solving the excitation field due to surface-bonded rectangular and circular actuators. In the theoretical development, the piezoactuator was modeled as causing normal surface traction, and again Mindlin plate theory was used. The magnitude of the normal traction exerted for a certain frequency was estimated experimentally using a laser Doppler vibrometer, which was used to characterize the electromechanical transfer properties of the piezos. This hybrid approach was used to predict surface out-of-plane velocity signals with limited success. However, one major disadvantage of using Mindlin plate theory is that it can only approximately model the lowest antisymmetric (A 0 ) Lamb mode and it can only be used when the excitation frequency-plate thickness product is low enough that higher antisymmetric modes are not excited. In addition, it cannot model the symmetric Lamb modes or SH modes. Giurgiutiu [18] studied the harmonic excitation of Lamb waves in an isotropic plate to model the case of plane waves excited by infinitely wide surface-bonded piezos. As he suggested, the key difference between modeling NDE transducers and surface-bonded piezoelectric actuators is that the former operate by 'tapping' or causing normal traction on the surface, while the latter operate by 'pinching' or causing tangential traction at the actuator edges on the structure surface. The strain and displacement wave solutions were obtained using the Fourier integral transform applied to the 3D linear elasticity based Lamb-wave equations followed by inversion using residue theory, after they were simplified for the 2D nature of this problem.
In this work, first a generic procedure to solve for the GW fields excited by arbitrary-shaped piezo-actuators surfacebonded on an infinite isotropic plate is proposed. It is then used to generate solutions for the two particular transducer shapes that are most commonly used, namely ring-shaped and rectangular. The solution for circular actuators is presented as a special case of ring-shaped actuators and verified using finite-element method (FEM) simulations. A formulation is developed to obtain the response of piezo-sensors in GW fields. Experimental results to validate these solutions for two cases, i.e., circular and rectangular actuators, are discussed. Finally, these equations are used to find the optimal values of transducer dimensions. This work is unique in that rigorous analytical solutions based on 3D linear elasticity are proposed for finite-dimensional actuators, and these are backed strongly by numerical and experimental results.
GW excitation in a plate by an arbitrary shape surface-bonded piezo
In this section, a general expression for the GW field excited by an arbitrary shape (finite-dimensional) piezo-actuator surfacebonded on an infinite isotropic plate is derived. This formulation is based on the 3D elasticity equations of motion. Consider an infinite isotropic plate of thickness 2b with such an actuator bonded on the surface x 3 = +b, as illustrated in figure 1 . The origin is located midway through the plate thickness and the x 3 -axis is normal to the plate surface. The choice of in-plane location of the origin and the orientation of the axes x 1 and x 2 at this point is arbitrary, but it is relaxed later. The equations of motion are
In this case the body force f = 0. Furthermore, the equations of motion can be decomposed into the Helmholtz components using
It can be shown using equation (2) that equation (1) is equivalent to the equations
Considering the response to harmonic excitation at angular frequency ω, one obtains
The double spatial Fourier transform is used to ease solution of this problem. For a generic variable ϕ, it is defined bȳ
and the inverse is given by
(7) Applying the double spatial Fourier transform on equations (3) and (4) and using equation (5), one obtains the following equations:
Let
The solutions of equations (8) and (9) are of the form (the e iωt factor is dropped from all subsequent equations and will be brought back in the final expression)
Furthermore, it can be shown that the constants C 2 , C 3 , C 5 and C 8 are associated with symmetric modes and that the constants C 1 , C 4 , C 6 and C 7 are associated with antisymmetric modes. For the subsequent analysis, only the symmetric modes are considered. The contributions from antisymmetric modes can be derived analogously. The linear strain-displacement relation and the constitutive equations for linear elasticity yield
Using equations (2), (11) and (12), it can be shown that the transformed stresses at x 3 = b arē
The piezo-actuator is modeled as causing in-plane traction of uniform magnitude (say τ 0 per unit length) along its perimeter, in the direction normal to the free edge on the plate surface x 3 = +b. In this model, the dynamics of the actuator are neglected and it is assumed that the plate dynamics are uncoupled from the actuator dynamics. This model was proposed by Crawley and de Luis [19] to describe quasi-static induced strain actuation of piezo-actuators surface-bonded onto beams. For that case, they proved that the model is a good approximation if the product of the actuator Young's modulus and thickness is small compared to that of the substrate and the bond layer is thin and stiff. This is a practical assumption, since in the aerospace industry plate-like structures used are typically between 2 and 5 mm thick, while piezo-elements typically used are 0.2-0.5 mm thick. This assumption will be examined in further detail in section 7, where the experimental results are discussed. Another assumption made is that the piezoelectric properties of the piezo are constant over the frequency range of interest, which is supported by the work of González and Alemany [20] . In addition, material damping is neglected. This assumption is based on the fact that, for metals, attenuation from finite excitation sources dominates amplitude decay of the GW. The externally applied surface tangential traction components yield the following expressions for stresses at the free surface x 3 = +b and their double spatial Fourier transforms:
where F 1 and F 2 are arbitrary functions, that are zero everywhere except around the edge of the piezo-actuator. It would be prudent to choose the coordinate axes x 1 and x 2 as well as the origin's in-plane location to ease the computation of F 1 andF 2 . Equating equations (13) and (14) would give three equations in four unknowns. The fourth equation results from the divergence condition on H, and consequentlyH, given by
Using equations (11) in (15) and evaluating at x 3 = b gives
With four equations and four unknowns, the unknown constants C 2 , C 3 , C 5 and C 8 can be solved for from the matrix equation:
Solving for the constants and applying the inverse Fourier transform ultimately yields the following expressions for the transformed displacement components on the free surface x 3 = b:
where
2 αβ sin αb cos βb. These integrals could be singular at the points corresponding to the real roots of either D S = 0 or sin βb = 0 or both (depending on which term(s) survive after substitutingF 1 andF 2 ). The former correspond to the wavenumbers, ξ S , from the solutions of the RayleighLamb equation for symmetric modes at frequency ω. The latter correspond to the wavenumbers of horizontally polarized symmetric mode shear (SH) waves, also at frequency ω. In principle, one can also include the contributions from the imaginary and complex wavenumbers satisfying these equations. However, these are usually not of interest, since they yield evanescent or standing waves that decay very rapidly away from the source. While in the above derivation only symmetric modes were considered, the contribution from antisymmetric modes can be found analogously and the final solution would be a superposition of these two modal contributions. The inversion of these integrals is presented for two specific configurations of interest in the next section.
Particular configurations
In this section, the general derivation from section 2 is used to solve for the harmonic GW field due to two particular shapes of piezo-actuators commonly used in GW SHM, namely a rectangular piezo and a ring-shaped piezo. These two cases are labeled (1) and (2) respectively and the coordinate system and dimensions for each case are as illustrated in figure 1.
Rectangular piezo
In this case, the functions F 1 and F 2 and their respective Fourier transforms are
Substituting equations (21) in equation (18) ultimately gives the following expression for displacement along the 1-direction: (22) where N S (ξ ) = ξβ(ξ 2 + β 2 ) cos αb cos βb. Observe that the sin βb term is absent in the denominator here, implying that only Lamb waves are excited in this case. Transforming into polar coordinates gives
The integral in the real ξ -γ plane is replaced by a surface integral in the complex ξ -γ space. The values of x 1 and x 2 will determine the shape of the surface. For example, if x 1 > a 1 , x 2 > a 2 , then contributions from negative wavenumbers are not allowed on physical grounds, hence the integral must only include the first quadrant, i.e., γ ∈ (0, π/2) and the lower half of the complex ξ -γ space as shown in figure 2 . The integrand is singular at the roots of D S = 0, designated ξ S . Using the residue theorem yields in this case:
where C is the semi-spherical surface in the lower half-plane, while 'Res' stands for the residue of the integrand at the singularities of I . The contribution from C vanishes as the radius of the surface R → ∞, as explained in [21] for a similar plane-wave excitation problem. Thus, the following expression is obtained for displacement in the region
An approximate closed form solution can be obtained for the far field using the method of stationary phase. As explained in Graff [22] , for large r
where h (ψ 0 ) = 0, f ( ) is an arbitrary function, and ψ 1 and ψ 2 are arbitrary end-points of the interval of integration, which contains ψ 0 . Hence, the following asymptotic expression
Contour integral in the complex ξ -plane used to invert the displacement integral using residue theory.
holds for the particle displacement in the far field in the region
. This indicates that the GW field tends to a circular crested field with angularly dependent amplitude at large distances from the actuator. In other regions of the plate, the region of the contour included will change. For example, in the region x 1 > a 1 , −a 2 < x 2 < a 2 , due to the presence of both positive and negative wavenumbers along the x 2 -direction and only positive wavenumbers along the x 1 -direction, contributions to the integral over the range γ = −π/2 to π/2 must be included. Thus for this region the expression changes to
which can be shown to be equivalent to
Similarly, expressions for the other displacement components can be obtained. 
Ring-shaped piezo
where J 1 ( ) is the Bessel function of the first kind and order unity. Using equations (18) and (30), one can show that
where N S is as defined in section 3.1. Observe that in this case too only Lamb waves are excited. As before, only the symmetric modes are being considered here. Transforming into polar coordinates yields
Without loss of generality due to axisymmetry, consider the point x 1 = r, x 2 = 0. Only the solution outside the excitation region, i.e. r > a o , is of interest. A similar approach as in section 3.1 is used to invert the integral. The integration contour in the complex ξ -space used is also similar to the one in figure 2 . However, in this case on physical grounds, contributions from negative wavenumbers along the x 1 -direction are not allowed, hence the range from γ = −π/2 to π/2 needs be considered. Hence, the expression for displacement becomes
where H
1 ( ) is the complex Hankel function of order unity and the second type, defined by
where Y 1 ( ) is the Bessel function of the second kind of order unity. Similarly, expressions for the other displacement components can be obtained. In particular, it will be found that
And since the point (r, 0) is generic, by axisymmetry, equation (33) also represents the radial displacement at a point at distance r from the center. The angular displacement is zero at all points. The solution for a circular actuator can be recovered simply by letting a i = 0 in the above equations. In addition, the following asymptotic expression holds for the complex Hankel function:
In practice, the Hankel function is very close to its asymptotic expression after the first four or five spatial wavelengths. Thus, the solution for a circular-crested Lamb-wave field tends to that of a spatially decaying plane Lamb-wave field after a few spatial oscillations.
The harmonic out-of-plane displacement patterns due to excitation of the A 0 Lamb mode at 100 kHz in a 2 mm aluminum plate by rectangular and circular actuators are shown in figure 3 . For ease of visualization, only 10 cm×10 cm of the plate is shown and the field was set to zero for radius r > 9 cm in both cases. Figure 3(a) illustrates how the GW field due to a rectangular actuator tends to a circular crested GW field with angularly dependent amplitude at large distances from the actuator. The circular actuator GW field spatially decays with equally spaced peaks and troughs in the far field (see figure 3(b) ). While in this analysis it was assumed that a single angular frequency ω was excited, it can be used to find the response to any time-limited signal. This can be accomplished by taking the inverse Fourier transform of the integral of the product of the harmonic response multiplied by the Fourier transform of the excitation signal over the bandwidth.
Verification of the circular actuator model
In order to verify the result of the formulation proposed in section 3, FEM simulations were conducted using ABAQUS [23] . An infinite isotropic (aluminum alloy) plate with a 0.9 cm radius piezo-actuator placed at the origin of the coordinate system was modeled using a mesh of axisymmetric four-node continuum finite elements up to radial position r = 15 cm. These were radially followed by infinite axisymmetric elements placed at r = 15 cm, which are used to minimize the reflected waves returning from the boundary at r = 15 cm towards the origin. The FEM model represented only half the plate thickness, and then a throughthickness symmetry or antisymmetry condition was applied to the mid-thickness nodes to model symmetric or antisymmetric modes, respectively. The actuator was modeled as causing a surface radial shear force at r = 0.9 cm, just as in the proposed formulation. A 3.5-cycle Hann window modulated sinusoidal toneburst excitation signal applied to the actuator was modeled by specifying the corresponding waveform for the time variation of the shear force applied at r = 0.9 cm in the input file. The amplitude of radial displacement at r = 5 cm was recorded for a range of values of the toneburst center frequency-plate thickness product. The mesh density and the time step were chosen to be sufficiently small to resolve the smallest wavelength and capture the highest frequency response, respectively. Two sets of simulations were performed: for symmetric and for antisymmetric modes. These were compared with the analytical predictions by the proposed formulation in section 3.2 (while considering the frequency bandwidth excited). The results are shown in figure 4 . The FEM results compare very well with the theoretical predictions for both the S 0 and A 0 modes, providing verification for the proposed analytical formulation.
Piezo-sensor response derivation
In this section, the response of a piezo-sensor operating in the 3-1 mode and surface-bonded on a plate in a GW field is derived. The relation between the electric field E i , displacement D i and internal stress in the piezoelectric element is [24]
where g ikl is a matrix of piezoelectric constants for the piezoelectric material, and β σ ik are the impermittivity constants at constant stress of the piezoelectric material. Since there is no external driving field, E 3 = 0, and since the sensor is poled in the 3-direction, D 1 = D 2 = 0. Furthermore, if the sensor is thin enough, σ 33 ≈ 0. In addition, β σ 33 = 1/k c ε 0 . Thus, one obtains
where Y 11 c is the in-plane Young's modulus of the sensor material, ν c is the Poisson ratio of the piezoelectric material, k c is the dielectric constant of the sensor material, ε 0 is the permittivity of vacuum, and ε ii is the sum of the in-plane normal surface strains. Note that the contracted notation has been used for the g-constant indices from equation (38) onwards. Here it is assumed that the twisting shear stresses are negligible. The total electrical charge accumulated on the piezo-sensor's electrode surface is the piezo-sensor. In this case, (n 1 , n 2 , n 3 ) = (0, 0, 1). An important assumption made here is that the sensor is infinitely compliant and does not disturb the GW field. This is reasonably satisfied if the product of the sensor's thickness and Young's modulus is small compared to that of the plate on which it is surface-bonded and it is of small size. The capacitance of the sensor is given by
where h c is the sensor thickness. By treating the piezo-sensor as a capacitor, the output voltage response of the piezo-sensor is obtained as
Equation (41) is used in the next two sub-sections to evaluate the response of a piezo-sensor in GW fields due to circular and rectangular piezo-actuators.
Piezo-sensor response in GW fields due to circular piezo-disc actuators
Consider the response to harmonic excitation of a rectangular piezo-sensor of width s θ in a circular-crested GW field placed between r = r c and r = r c + 2s r , as illustrated in figure 1 (with a i = 0 and a o = a). In this case, equation (41) becomes
Suppose that the width of the piezo-sensor s θ is small enough so that θ r dθ ≈ s θ over the radial length of the sensor. Using this and equations (33) and (42), one obtains (for symmetric modes)
Piezo-sensor response in GW fields due to rectangular piezo-actuators
Consider the response to harmonic excitation of a rectangular piezo-sensor placed between the coordinates (x c − s 1 , y c − s 2 ) and (x c +s 1 , y c +s 2 ) with its edges along the x 1 and x 2 directions in the GW field due to a rectangular piezo-actuator described in section 3, as illustrated in figure 1 . It is assumed that the sensor lies in the region 
Using equation (25) and its analogue for u 2 along with equation (41) (for symmetric modes) yields
Experimental set-ups and results
To examine the validity of the theoretical expressions for the circular actuator derivation, the following experiment was performed. A 600 mm × 600 mm × 3.1 mm thick aluminum alloy plate (Young's modulus Y Al = 70.28 GPa, Poisson's ratio υ = 0.33, density ρ = 2684 kg m −3 ) was instrumented with a pair of 6.5 mm radius, 0.23 mm thick PZT-5H circular piezodisc actuators at the center of the plate on both free surfaces. A 10 mm (radial length) × 5 mm (width) × 0.3 mm (thickness) PZT-5A rectangular piezo-sensor was surface-bonded at a radial distance r c = 50 mm relative to the center of the plate, as illustrated in figure 5(a) . The set-up was designed such that reflections from the boundaries would not interfere with the first transmitted pulse received by the sensor over the frequency range tested, i.e., the infinite plate assumption holds. Two sets of experiments were performed. In the first set, the actuators were excited in phase to excite symmetric GW modes, while in the second they were excited out of phase in order to excite the antisymmetric GW modes. These actuators were fed with a 3.5-cycle 9 V (peak-to-peak) Hannwindowed toneburst and the highest excitation frequency was well below the cut-off frequency of the first symmetric and first antisymmetric modes in each case. Thus, the S 0 Lamb mode was predominantly excited in the first set, while the A 0 Lamb mode was predominantly excited in the second set. For each reading, the excitation signal was repeated at a frequency of 1 Hz (this was small enough so that there was no interference between successive repetitions) and the averaged signal over 64 samples was used to reduce the noise levels in the signal. Due to the piezo-actuator's capacitive behavior, its impedance varies with frequency, and so the actual voltage drop across it varies with frequency. To account for this, the voltage amplitude across the actuator terminals was also recorded for each reading and the sensor response amplitude and error estimate were compensated accordingly. To obtain the theoretical sensor response to a Hann-windowed toneburst at a given frequency, one needs to evaluate the inverse time domain Fourier transform over the excited frequency spectrum. The theoretical and experimental signal amplitudes, normalized by the peak amplitude over the tested frequency range, are compared over a range of frequencies for the S 0 and A 0 modes in figure 6 . The error bars based on the standard deviation of the amplitudes over the 64 samples (capturing 99.73% of the data points) and normalized by the peak amplitude are also shown. The time-domain experimental and theoretical signals, also normalized to their respective peak amplitudes over the frequency range, are compared in figure 7 for certain center frequencies. A very similar experiment was done to explore the validity of the rectangular actuator derivation as shown in figure 5(b) . In this case, an identical aluminum plate to the previous experiment was instrumented with 25 mm × 5 mm × 0.3 mm PZT-5A rectangular piezoactuators on either free surface at the center of the plate. Also, a 10 mm × 10 mm PZT-5A piezo-sensor was mounted at a location (3 mm, 35 mm) relative to the plate center. Again, in this case, two sets of experiments for the S 0 and A 0 Lamb modes were performed as described for the circular actuator experiment. The normalized theoretical and experimental amplitudes along with their associated error bars are compared for this experiment in figure 8 while the comparison of the normalized time domain signals is shown in figure 9 for certain center frequencies.
Discussion and sources of error
The normalized amplitude curves in figures 6 and 8 for both the circular and the rectangular actuator experiments match well with the theoretical predictions, both for predicting the peak frequency of response as well as the overall trend. There is a slight error observed in the prediction of the peak frequency in both cases, and this is more visible in the case of the rectangular actuator. This shift can be attributed to the shear lag phenomenon, which relates to the assumption made in the derivation pertaining to force transfer only along the free edges of the piezo. This 'pin-force' model was proposed by Crawley and de Luis [19] for the case of a pair of piezo-actuators surface bonded on opposite beam surfaces and actuated quasi-statically. In their formulation, the validity of the approximation depends on the shear lag parameter defined as
where h b is the bond layer thickness, h a is the actuator thickness, h s is the substrate thickness, υ a is the actuator Poisson ratio, G b is the shear modulus of the bond layer, Y s is the substrate Young's modulus, a is the actuator dimension and η = 2 or 6 depending on whether the pair of actuators on either face of the beam is excited in the symmetric or antisymmetric actuation mode, respectively. It was proved that the 'pin-force' model assumption was perfect in the limit as approached infinity. For smaller , due to the finite stiffness of the actuator relative to the plate and imperfect bonding between the actuator and plate, the force transfer between the piezo and the plate occurs over a finite length close to the edge of the piezo. Due to this, the effective dimension of the piezo-actuator, a, in the models derived should be smaller than the actual physical dimension. While it was not possible to determine the shear modulus or thickness of the bond layer, assuming they were identical for both the rectangular and circular actuator experiments, it was calculated that the shear lag parameter for the circular actuator was 2.12 times greater than that for the rectangular actuator for both modes (assuming that the typical length for the rectangular actuator case is the dimension along the line joining the centers of the actuator and sensor), which explains the greater shift in the location of the peak frequency of response in the latter case. In the case of the rectangular actuator, the experimental curve is compared with two theoretical curves, one generated assuming the original physical actuator dimensions, and the other generated assuming a 1 = 0.4 cm and a 2 = 1 cm, which is 20% smaller than the nominal physical dimensions. It is clear that the agreement with the experimental points is better in the case of the latter. The time domain plots also agree well with the experimental curves for their predicted modes in both cases. There was a small amplitude phantom signal observed in the sensor response during the actuation signal at the actuator due to some mild electro-magnetic interference (EMI). Also, while there were two actuators bonded on either free surface at the center of the plate in both cases, there is some mismatch in their piezoelectric properties due to manufacturing imperfections, as a result of which there was some excitation of antisymmetric modes in the symmetric mode experiments and vice versa. In addition, due to the finite thickness of the sensor, when the wavepacket is incident on it, due to scattering, a small portion of the incident S 0 mode is converted to an A 0 mode and vice versa. Hence, over certain frequency ranges, it was not possible to distinguish between the A 0 and S 0 mode signals, and these frequency ranges were avoided. As pointed out, in some of the S 0 mode time domain signal plots the undesired A 0 mode signals can be seen following the S 0 mode signal predictions, and similarly for some of the A 0 mode signals mild S 0 mode signals can be seen before the A 0 mode signal predictions.
Despite these sources of error, there is very good correlation between the experimental and theoretical results, thus providing validation for the derived models describing GW excitation due to surface-bonded circular and rectangular actuators on isotropic plates as well as the sensor response equation for surface-bonded piezo-sensors.
Optimal sensor and actuator dimensions

The case of a circular actuator
In this section, the optimal dimensions for the piezo-actuator and sensors to maximize sensor response are derived. Consider equation (43) parameters (except the sensor length 2s r ) to be constant,
Since |H (2) 0 (ξr )| is a monotonically decreasing function of r ,
(48) where the equality holds only at the limit of 2s r → 0. Thus, the maximum sensor response is attained for 2s r = 0, and it decreases with increasing s r . This implies that the sensor should be as small as possible to maximize |V c | in the case of a circular-crested GW field. A smaller sensor size would also interfere less with the GW field and is favorable from the point of view of SHM system design, since the transducers should ideally occupy minimum structural area. To validate this idea, the same set-up as described in section 6 was used. However this time, a 20 mm (radial length) × 5 mm (width) × 0.3 mm (thickness) sensor was surface-bonded at a distance of radius 50 mm from the plate center so that r c = 50 mm, as before. The sensor's radial length 2s r was reduced in steps of 0.5 cm by cutting the sensor on the plate with a diamondpoint knife and examining the response of its remaining part. For each length, an experiment along the lines of the earlier ones was conducted for the S 0 mode, i.e., the sensor response amplitudes were measured over 64 samples for each center frequency over a range of center frequencies. The comparison between the theoretical and experimental results is shown in figure 10 (both data sets are normalized to the peak value for the curve at 2s r = 2 cm). The theoretical curves were derived assuming uniform bond strength over all of the original piezosensor's area. As predicted by the theoretical model, the sensor response amplitude increases with decreasing sensor length. Power Response
Actuator radius a (× 10 cm)
Sensor amplitude Figure 11 . Amplitude variation of sensor response and power drawn to drive the acoustic field due to change in actuator radius for a 1 mm thick aluminum plate driven harmonically in the S 0 mode at 100 kHz.
The comparison between the theory and experimental results is good again, although the experimental curve is slightly shifted ahead of the theoretical curve along the center frequency axis due to shear lag. The comparison between the relative amplitudes is quite accurate with the exception of the last set for 2s r = 0.5 cm, which can be possibly attributed to weaker bond strength closer to the edge of the piezo-sensor. To optimize the actuator size for maximum sensor response to harmonic excitation, as in the previous sub-section, everything in equation (43) is kept fixed except a. Then
The right-hand side of equation (49) is an oscillating function of a with a monotonically increasing amplitude envelope as seen in figure 11 . The local maxima of |V c | are attained at the corresponding local extrema of J 1 (ξ a). Thus, there is no optimum value for maximizing sensor response as such, and by choosing higher values of a that yield local extrema one can in principle keep increasing the magnitude of sensor response to harmonic excitation. Notice that between any two successive peaks of the response function there is a value for the actuator radius for which the response to harmonic excitation is zero. This corresponds to a zero of the Bessel function. Although these zero 'nodes' caused by certain actuator radii are presented for simple harmonic excitation, they have also a direct impact on a toneburst signal. One may take a toneburst center frequency as responsible for most of the energy being delivered by the actuator. If the product of the actuator radius and the toneburst center frequency coincides with a node as shown in figure 11 , then most of the signal will be attenuated.
Since the piezo-actuator has some capacitance, the harmonic reactive power circulated every cycle P r a is
where V a is the actuation voltage supplied to the piezo-actuator, f is the frequency of harmonic excitation and the rest of the notation is analogous to that used for the piezo-sensor. That is, the power circulation increases as the square of the actuator radius if all other parameters are constant. Note that the dependence of the capacitance on driving frequency and actuation voltage magnitude has not been considered (see [25] , for example). However, these only tend to further increase the capacitance, and thereby the reactive power circulation. This power being reactive is not dissipated, but is merely used for charging the piezo in the positive half-cycle and is gained back when the capacitor is discharged in the negative half-cycle. The power supply to drive the actuators will define how much of this energy can be recycled. In addition to this, the power source must supply the energy that is converted into acoustic energy in the excited GW field. This is given by the expression
where S o is the cylindrical surface of thickness 2b and radius a centered at the origin, i.e., that encapsulates the region of the plate under the actuator. On substituting the expressions for plate displacement and stress and evaluating the integral, an intricate expression is obtained involving the plate material properties, the plate thickness, the actuator radius, and the excitation frequency/wavenumber. Intuitively, however, one expects that this expression will also follow an oscillating trend with monotonically increasing amplitude envelope as a function of actuator radius. This is confirmed in figure 11 , where the peaks of the expression coincide with the peaks of the sensor response curve. Evidently, the increased sensor response by actuator size tailoring is at the cost of increased power consumption by the actuator. In summary, the choice of actuator length for the largest local maximum is limited by the power available to drive the actuator. Moreover, the area occupied by the actuator on the structure as well as the desired area covered by the actuatorsensor pair signal might be concerns that ultimately decide the actuator size.
The case of a rectangular actuator
Consider equation (45) for the harmonic sensor response of a piezo in the GW field due to a rectangular piezo-actuator. The far-field approximation for the harmonic sensor response using the method of stationary phase is 
Since the function
is maximum at t = 0, and its subsequent peaks after t = 0 rapidly decay, one concludes that for maximum sensor response amplitude (|V c |) in the farfield the sensor dimensions, i.e., 2s 1 and 2s 2 , should be as small as possible, preferably much smaller than the half-wavelength of the traveling wave.
For actuator size optimization, in the case of a rectangular actuator, due to the highly direction-dependent GW field, this will depend on the angular location of the piezo-sensor on the plate relative to the piezo-actuator. For example, consider the case θ = 0. Then the far-field sensor response can be shown to be (using L'Hospital's rule) 
If all parameters except a 1 and a 2 are kept constant, one obtains 
are equally optimal values in order to maximize sensor response. By an analysis similar to the one in section 8.1, it can be shown that the power requirement increases for larger actuator dimensions. Thus, in order to minimize power consumption and the area occupied by the actuator on the structure, the value of a 1 is defined by equation (56) with n = 0. The choice of a 2 will also be limited by similar concerns.
Summary and conclusions
In this work, a generic formulation to characterize the guided wave field excited by an arbitrary shape finite-dimensional surface-bonded piezoelectric wafer actuator was presented. It is based on the 3D linear elasticity equations for isotropic plates. This was then used to describe the generation of guided waves for the specific cases of ring-shaped and rectangular piezoelectric transducers. A model for circular actuators was developed as a special case of ring-shaped actuators, and this model was verified by FEM simulations. The piezoactuator was modeled as causing in-plane traction on the plate surface along its free edges, in the direction normal to the free edge. An expression for the output voltage response of a surface-bonded piezo-sensor in guided wave fields was also derived. Experiments seeking to investigate the accuracy of the models were conducted and the results of these were discussed for the fields excited by both circular and rectangular actuators. The experimental results were, in general, very consistent with the theoretical predictions based on the derived models, thus providing validation for the proposed models. The sources of error were examined in detail. Investigation of the actuator/sensor geometry for maximum performance was also done. It was found that, in both cases, the sensor size should be as small as possible to maximize the magnitude of its response to harmonic excitation, and this idea was proved experimentally for the circular actuator case. For circular actuators, it was found that there is no optimum actuator size although there are certain dimensions that lead to signal annihilation. For the case of rectangular actuators, the optimum actuator dimensions depend on the angular location of the piezo-sensor with respect to the piezo-actuator. Concerns such as area occupied by the actuator on the structure, desired area covered by the actuator-sensor pair signal, and power availability also need to be considered in deciding the actuator size in both cases.
